We say that a polynomial automorphism φ in n variables is stably co-tame if the tame subgroup in n variables is contained in the subgroup generated by φ and affine automorphisms in n + 1 variables. In this paper, we give conditions for stably co-tameness of polynomial automorphisms.
Introduction
Let R be a commutative ring of characteristic p = 1, R[x] := R[x 1 , . . . , x n ] the polynomial ring in n variables over R, and GA n (R) := Aut R R[x] the automorphism group of the R-algebra R [x] . We identify each φ ∈ GA n (R) with the n-tuple (φ(x 1 ), . . . , φ(x n )) of elements of R [x] . The composition is defined by φ • ψ = (g 1 (f 1 , . . . , f n ), . . . , g n (f 1 , . . . , f n )) (1.1) for φ = (f 1 , . . . , f n ), ψ = (g 1 , . . . , g n ) ∈ R[x] n . For each r ≥ 1, we regard GA n (R) as a subgroup of GA n+r (R) by identifying each φ ∈ GA n (R) with the unique extensionφ ∈ GA n+r (R) of φ defined byφ(x n+i ) = x n+i for i = 1, . . . , r.
We say that φ ∈ GA n (R) is affine if φ = (x 1 , . . . , x n )A + b for some A ∈ GL n (R) and b ∈ R n , and set Aff n (R) := {φ ∈ GA n (R) | φ is affine}. We define ǫ(f ) := (x 1 + f, x 2 , . . . , x n ) ∈ GA n (R) for each f ∈ R[x] := R[x 2 , . . . , x n ], and set En (R) := {ǫ(f ) | f ∈ R[x]}. We call Tn (R) := Aff n (R), En (R) the tame subgroup, and elements of Tn (R) are said to be tame. Here, for subsets S 1 , . . . , S r and elements g 1 , . . . , g s of a group G, we denote by S 1 , . . . , S r , g 1 , . . . , g s the subgroup of G generated by r i=1 S i ∪ {g 1 , . . . , g s }.
If n ≥ 3 and R contains Q, then Tn (R) = Aff n (R), σ holds for σ = ǫ(x 2 2 ) by Derksen (cf. [Es, Thm. 5.2 .1]). We remark that Derksen's theorem requires that R is generated by R * as a Q-vector space, but this assumption is in fact unnecessary (cf. §3). When R is a field and p = 0, Bodnarchuk [B] proved a similar result for more general σ's. The situation is different if p is a prime. Maubach-Willems [MW] showed that T3 (F 2 ) = Aff 3 (F 2 ), ǫ(x 2 2 ) , and conjectured that, if n ≥ 3 and R is a finite field, then no finite subset E of Tn (R) satisfies Tn (R) = Aff n (R), E .
Edo [Ed] found a class of φ ∈ GA n (R) for which Aff n (R), φ contains Tn (R). Such φ is said to be co-tame. If R is a field, no element of GA 2 (R) is co-tame thanks to Jung [J] and van der Kulk [K] . For n ≥ 3, it is easy to find elements of GA n (R) \ Aff n (R) which are not co-tame if R is not a field (cf. (4.1)), or if p is a prime (cf. [EK, §1 (d)] ). In the case where n ≥ 3, R is a field and p = 0, the first example of such an automorphism was found by Edo-Lewis [EL] for n = 3.
Recall that φ ∈ GA n (R) is said to be stably tame if φ belongs to Tn+1 (R). It is known that some non-tame automorphisms are stably tame (cf. [BEW] , [N] , [SU] , [S] ). The following is an analogue to the stably tame automorphisms. Definition 1.1. We say that φ ∈ GA n (R) is stably co-tame if Aff n+1 (R), φ contains Tn (R), or equivalently Aff n+1 (R), φ contains En (R).
Clearly, co-tame automorphisms are stably co-tame. When R is a field, there exist elements of T3 (R) which are not co-tame but stably co-tame in both cases p = 0 and p > 0 (cf. §6.1). The purpose of this paper is to study when elements of GA n (R) are stably co-tame or not. If R contains an infinite field, we have a necessary and sufficient condition for stably cotameness (Corollary 2.4). This paper is organized as follows. The main results are stated in Section 2, and three key results are proved in Sections 3, 4 and 5. In Section 6, we study stably co-tameness of the example of Edo-Lewis. We also discuss a technique which is useful when R does not contain an infinite field.
Main results
Since T1 (R) = Aff 1 (R), we always assume that n ≥ 2 unless otherwise stated. Take any φ ∈ GA n (R). We define M φ to be the R-submodule of R[x] generated by 1, x i and η(φ(x i )) for i = 1, . . . , n and η ∈ Aff n (R). By definition, we have
(2.1)
The following theorem holds for any commutative ring R of characteristic p = 1.
Theorem 2.1. φ ∈ GA n (R) is stably co-tame in the following four cases:
, and there exists ξ ∈ R * satisfying ξ + 1 ∈ R * .
Next, assume that p is zero or a prime. For a ∈ R and t 1 , . . . , t n ≥ 0, we call ax
tn n a good monomial in the following five cases: (I) p = 0 and t 1 + · · · + t n ≥ 2. (II) p ≥ 2 and there exist 1 ≤ i < j ≤ n such that t i , t j ≡ 1 (mod p). (III) p ≥ 3 and there exists 1 ≤ i ≤ n such that t i ≡ 0, 1 (mod p).
(IV) n = p = 2 and there exist i, j ∈ {1, 2} such that t i ≡ 1 and t j ≡ 2 (mod 4). (V) n = p = 2 and there exists 1 ≤ i ≤ 2 such that t i ≡ 3 (mod 4).
For each f ∈ R[x], let C f denote the set of the coefficients of good monomials appearing in f . We define I φ to be the ideal of R generated by n i=1 C φ(x i ) . Theorem 2.2. Assume that p is zero or a prime. If φ ∈ GA n (R) satisfies I φ = R, then φ is not stably co-tame.
Throughout this paper, let k be a field. When R is a commutative kalgebra, we say that f ∈ R[x] satisfies the degree condition if deg
Here, deg
f denotes the separable degree of f if p > 0, and the standard degree deg
for some e ≥ 0. We say that φ ∈ GA n (R) satisfies the degree condition if φ(x i ) satisfies the degree condition for i = 1, . . . , n. Now, we define J φ to be the ideal of R generated by the union of
Rx i satisfying the degree condition. Since no good monomial is linear, J φ is contained in I φ . If φ satisfies the degree condition, then J φ is equal to I φ . Hence, (ii) of the following theorem is a consequence of (i).
Theorem 2.3. Let k be a field, R a commutative k-algebra, and φ ∈ GA n (R). (i) If J φ = R, then φ is stably co-tame.
(ii) If φ satisfies the degree condition and if I φ = R, then φ is stably co-tame.
From Theorems 2.2 and 2.3 (ii), we obtain the following corollary.
Corollary 2.4. Let k be an infinite field, and R a commutative k-algebra. Then, φ ∈ GA n (R) is stably co-tame if and only if I φ = R.
In particular, if R = k is an infinite field, then φ ∈ GA n (k) is stably co-tame if and only if a good monomial appears in φ(x i ) for some i. When p = 0, this is the same as φ is non-affine.
In the following three sections, we prove Theorems 2.1, 2.2 and 2.3 (i).
Proof of Theorem 2.1
Let R be any commutative ring, and Γ a subgroup of GA n+1 (R) containing Aff n+1 (R), where n ≥ 2. First, we study properties of Γ. Definê
We identify each permutation σ ∈ S n+1 with (x σ(1) , . . . , x σ(n+1) ) ∈ Aff n+1 (R), and write
(1,n+1) ∈ Γ, and so
and a ∈ R, since ǫ(ax n+1 ) belongs to Aff n+1 (R), and hence to Γ.
When Q ⊂ R and n ≥ 3, Derksen showed that Tn (R) is generated by Aff n (R) and {ǫ(ax 2 2 ) | a ∈ R}, and Tn (R) = Aff n (R), ǫ(x 2 2 ) holds if R is generated by R * as a Q-vector space (cf. [Es, Thm. 5.2 .1]). We remark that, since n ≥ 3, the first statement and (B) imply that Tn (R) = Aff n (R), ǫ(x 2 2 ) whenever Q ⊂ R.
, we may assume that f is a monomial. In the former case, Γ containsǫ(x 1 x 2 )
(1,n+1)(2,i) = ǫ(x i x n+1 ) for each 2 ≤ i ≤ n. By (B) , it follows that ǫ(f ) ∈ Γ implies ǫ(x i f ) ∈ Γ. Since Γ contains ǫ(a) for each a ∈ R, the assertion follows by induction on deg f . In the latter case,
2 ) ∈ Γ for each a ∈ R and l ≥ 0 similarly. Since Γ contains ǫ(a) and ǫ(ax 2 ), it follows that Γ contains ǫ(ax l 2 ) for all l ≥ 0. The following two implications hold for the conditions listed in Theorem 2.1.
. Now, we prove Theorem 2.1. Thanks to Lemmas 3.1 and 3.2 and (2.1), it suffices to show that Γ := Aff n+1 (R), φ containsǫ(f ) for each f ∈ M φ . Write φ = (f 1 , . . . , f n ) and
Rx i + R, a i,j ∈ R and η j ∈ Aff n (R).
Then,ǫ(f ) is the product ofǫ(h) andǫ(η j (a i,j f i )) for i = 1, . . . , n and j = 1, . . . , r. Since Γ containsǫ(f i ) for each i by (A), Γ containsǫ(a i,j f i ) for each i, j by (B) . Hence, Γ contains
Sinceǫ(h) is affine, it follows that Γ containsǫ(f ). This completes the proof of Theorem 2.1.
Proof of Theorem 2.2
Assume that p is zero or a prime. We define NG n (R) to be the set of φ ∈ GA n (R) such that no good monomial appears in φ(x 1 ), . . . , φ(x n ). If p = 0, then we have NG n (R) = Aff n (R). In this case, the following theorem is obvious.
Theorem 4.1. NG n (R) is a subgroup of GA n (R), and no element of NG n (R) is stably co-tame. In fact, En (R) ⊂ Aff n+r (R), NG n (R) holds for any r ≥ 1.
To prove Theorem 4.1, we need a lemma, where p need not be zero or a prime. Consider the standard grading
n is identified with the substitution map
n forms a monoid for the composition defined in (1.1). Note that V n is closed under this operation if and only if φ(V ) ⊂ V holds for each φ ∈ V n .
Proof. Since V n ∩ GA n (R) contains (x 1 , . . . , x n ), and is closed under composition, we show that
, and V n is closed under composition, it suffices to verify that ψ −1 belongs to V n . Suppose to the contrary that f := ψ −1 (x i ) does not belong to V for some i. Write f = l 0 f l , where f l ∈ R[x] l . Then, f d ∈ V holds for some d ≥ 0. Take the minimal d, and set f ′ := l<d f l and f ′′ := l>d f l . Let h, h ′ and h ′′ be the homogeneous com-
belongs to V , and V is graded by assumption. By the minimality of d, we have f ′ ∈ V . Since ψ = φ • η belongs to V n , it follows that ψ(f ′ ) belongs to V . This implies that h ′ belongs to V as before. As for h and h ′′ , we have h = f d and h
We remark that, if V = s∈Σ As for some Σ ⊂ R[x] and an R-subalgebra A of R[x], and if φ(A) ⊂ A and φ(Σ) ⊂ V hold for each φ ∈ V n , then V n is closed under composition. For example, assume that R has prime characteristic p, and define R[
Let us prove that V n is closed under composition using the remark for A := R[x p e ] and Σ := R[
n and l ≥ 0. Therefore, we have φ(A) ⊂ A and φ(Σ) ⊂ V for each φ ∈ V n . Now, let us prove Theorem 4.1 when p is a prime. Clearly, u, v ∈ {0} implies u + v ∈ {0} ∪ Z 1 . So, we define V n := V (1, 1, {0}) and W n := V (1, 2, {0}), i.e.,
If n = p = 2, then t 1 , t 2 ≥ 0 satisfy x
2 ∈ W 2 if and only if t 1 , t 2 ≡ 0 (mod 2), or t i ≡ 1, t j ≡ 0 (mod 4) for some i, j ∈ {1, 2}. Hence, we have 2 ) for any n, p ≥ 2, we get the last part of Theorem 4.1. This completes the proof.
If I is a proper ideal of R, then each φ ∈ GA n+r (R) induces an element φ I of GA n+r (R/I). Since En (R) ∋ τ → τ I ∈ En (R/I) is surjective, (σ • τ ) I = σ I •τ I for each σ, τ ∈ GA n+r (R), and τ ∈ Aff n+r (R) implies τ I ∈ Aff n+r (R/I), we see that
for any r ≥ 0 and φ ∈ GA n (R). Hence, Theorem 4.1 implies the following corollary.
Corollary 4.3. Let I be a proper ideal of R such that char(R/I) is zero or a prime. If φ ∈ GA n (R) satisfies φ I ∈ NG n (R/I), then En (R) ⊂ Aff n+r (R), φ holds for any r ≥ 1. Here, char(R/I) is the characteristic of R/I. Now, we can prove Theorem 2.2. By assumption, I := I φ is a proper ideal of R. If p is a prime, then R contains F p , and so char(R/I) = p. Hence, φ I belongs to NG n (R/I) by the definition of I. Thus, φ is not stably co-tame by Corollary 4.3. If p = 0, then φ I is affine. By (4.1), this implies that φ is not stably co-tame.
Finally, we remark that, if p = 2, then R[x 2 ] is contained in V n . Hence, we have E2 (R) ⊂ V 2 2 , and so T2 (R) ⊂ V 2 2 . Thus, for any φ ∈ T2 (R), no monomial x t 1 1 x t 2 2 with t 1 and t 2 odd appears in φ(x 1 ) and φ(x 2 ). If R is a domain, the same holds for any φ ∈ GA 2 (R), since T2 (K) = GA 2 (K) for any field K (cf. [J] , [K] ).
Lemma 4.4. Assume that p = 2, φ ∈ GA 2 (R), 1 ≤ i ≤ 2 and t 1 , t 2 ≥ 0 are odd. If a ∈ R is the coefficient of x
Proof. Let p be any prime ideal of R. Since R/p is a domain of characteristic two, x
2 does not appear in φ p (x i ) as mentioned. Hence, a belongs to p.
Proof of Theorem 2.3 (i)
Assume that R is a commutative k-algebra. To prove Theorem 2.3 (i), we verify that one of (a), (b) and (c) of Theorem 2.1 holds when J φ = R. If J φ = R, a good monomial appears in a polynomial satisfying the degree condition. This implies that #k > 2, and so there always exists ξ ∈ R * satisfying ξ + 1 ∈ R * . Take any f (x) ∈ R[x] and write f (x) = Lemma 5.1. If f ∈ R[x] satisfies the degree condition, each monomial appearing in f is written as a k-linear combination of f (ξ 1 x 1 , . . . , ξ n x n ) for ξ 1 , . . . , ξ n ∈ k * .
Proof. We prove the lemma by induction on n. The case n = 0 is clear. Assume that n ≥ 1, and write f = 
Hence, by induction assumption, m ′ is written as a k-linear combination of f i (β 2 x 2 , . . . , β n x n ) for β 2 , . . . , β n ∈ k * . Thus, m = m ′ x i 1 is written as a k-linear combination of f i (β 2 x 2 , . . . , β n x n )x i 1 's, and therefore that of f (α l x 1 , β 2 x 2 , . . . , β n x n ) for l = 0, . . . , d and β 2 , . . . , β n ∈ k * .
Next, we define λ ∈ Aff n (R) by λ(x i ) = x i + 1 for i = 1, . . . , n. Proof. In the case (IV), we have λ(x
for some i, j ∈ {1, 2} with i = j, and t 2 ). Other cases are verified similarly. Now, let us prove Theorem 2.3 (i). Since J φ = R by assumption, we may find a 1 , . . . , a r ∈ R and g 1 , . . . ,
Rx i with r ≥ 1 as follows:
(1) For each 1 ≤ l ≤ r, a good monomial m l appears in g l with coefficient a l . (2) r l=1 a l = 1, and g 1 , . . . , g r satisfy the degree condition. Since g l satisfies the degree condition for each l, so does m l , and hence so does λ(m l ). Clearly, g l belongs to M φ . Hence, m l belongs to M φ by Lemma 5.1 and (2.1). Then, λ(m l ) belongs to M φ , so each monomial appearing in λ(m l ) belongs to M φ similarly. By Lemma 5.2, there appears in λ(m l ) the monomial n l := u l a l x i l x j l with u l ∈ k * in the cases (I), (II) and (III), n l := a l x i l x 2 j l in the case (IV), and n l := a l x 3 i l in the case (V), where i l , j l ∈ {1, . . . , n}, and where i l = j l if (II) or (IV). Since n l belongs to M φ , we have a l x 1 x 2 ∈ M φ in the case (II). The proof of Lemma 3.2 shows that a l x 1 x 2 2 ∈ M φ in the case (V) as well as in the case (IV). If n ≥ 3 and p = 2, then m l must be of type (II) for all l. Hence, M φ contains r l=1 a l x 1 x 2 = x 1 x 2 . Therefore, (a) of Theorem 2.1 holds. If n = p = 2, then m l is of type (II) or (IV) or (V) for each l. In the case (II), a l is nilpotent by Lemma 4.4. Since r l=1 a l = 1, it follows that u := ′ a l is a unit of R, where the sum ′ is taken over l such that m l is of type (IV) or (V). Hence, M φ contains u 6 Remarks 6.1. When R = k, Edo-Lewis [EL] showed that
is neither affine nor co-tame for each N ≥ 3, where
3 , x 3 ) and π := (x 2 , x 1 , x 3 ).
Here, we mention that the expression of θ N above is slightly different from the original one, due to the difference in the definitions of composition (cf. §2.2 of [EL] and (1.1)). Since R = k and θ N is not affine, θ N is stably co-tame if p = 0 by the remark after Corollary 2.4. If p = 2, then θ N belongs to NG 3 (k), and hence is not stably co-tame by Theorem 4.1. When p ≥ 3, we have the following theorem. 
